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We present the nonrelativistic limit of the stellar structure equations of Ricci-based gravities, a family of
metric-affine theories whose Lagrangian is built via contractions of the metric with the Ricci tensor of an
a priori independent connection. We find that this limit is characterized by four parameters that arise in the
expansion of several geometric quantities in powers of the stress-energy tensor of the matter fields. We
discuss the relevance of this result for the phenomenology of nonrelativistic stars, such as main-sequence
stars as well as several substellar objects.
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I. INTRODUCTION
In the last few years our community has witnessed the
success of Einstein’s general theory of relativity (GR) when
confronted with a new pool of astrophysical data: from the
LIGO and VIRGO observations of gravitational waves out
of binary mergers [1,2], to the radio measurements by the
EHT of the plasma around the supermassive central object
of the M87 galaxy [3], both of which are compatible
with the predictions of GR on the properties of compact
objects (black holes and neutron stars). Together with solar
system experiments [4], and the compatibility of the
concordance cosmological model with observations [5],
this bunch of predictions have underpinned our trust on the
reliability of GR to describe a wide range of gravitational
phenomena. However, at the same time, the exploration of
the strong-field regime by these new probes also enables us
to test alternative descriptions of the gravitational field—
commonly known as modified theories of gravity—via
their accompanying phenomenology. For some basic refer-
ences on these theories see, e.g., [6–12].
In addition to black holes and their observational
discriminators in terms of gravitational waves [13–17]
and lensing of electromagnetic radiation [18–23], the
astrophysics of stellar objects represents another promising
playground to test the viability of these modified theories of
gravity, thanks to the availability of numerous data from
different probes [24]. From a theoretical point of view,
stellar objects are usually split into two classes: relativistic
stars such as neutron stars, where the full power of the
Einstein field equations (via the Tolman-Oppenheimer-
Volkoff equation) must be called upon [25]; and non-
relativistic stars, to which main-sequence stars as well as
brown and red dwarfs and giant exoplanets [26] belong,1
where one can neglect the contribution of the pressure of
the matter fields as compared to their energy density.
As opposed to neutron stars, where the uncertainty of the
equation of state at supranuclear densities is entangled with
the new parameter(s) of the modified gravity side (for a
review of this issue see [28]), nonrelativistic stars may offer
a cleaner scenario to test modifications to GR predictions
since they are more weakly dependent on nongravitational
physics than their relativistic counterparts. This is of
particular relevance for those models in which the new
physics appears as a modification of the Poisson equation
inside astrophysical bodies [29]. Despite the fact that
numerous additional aspects of the modeling of such stars
(including thermodynamics, description of their atmos-
pheres, energy generation rates, etc.) are needed in order to
achieve a realistic description of their structure, simple
analytical models are capable to provide reasonable esti-
mates to some global properties of such nonrelativistic




1While white dwarfs are typically classified as nonrelativistic
objects, relativistic effects need to be incorporated to reliably
describe certain aspects of the physics of these stars [27].
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Chandrasekhar mass for white dwarfs [30–35] or the
minimum required mass for a star to stably burn hydrogen
[36–38] and deuterium [39], but it may also have a non-
negligible impact in the description of the early evolution of
low-mass stars [40], in the cooling process of brown dwarfs
[41], and in age-estimation techniques such as those based
on the lithium depletion method [42].
The main aim of the present paper is to work out the
nonrelativistic limit of the stellar structure equations
corresponding to a large family of metric-affine theories
of gravity, where metric and affine connection are regarded
as independent entities [43]. More specifically, our target
are those theories built as scalar functions of the metric and
the Ricci tensor of the affine connection (Ricci-based
gravities, or RBGs for short [44]). The interest in this
family of theories lies on the fact that their vacuum
dynamics is exactly that of GR (plus a cosmological
constant term, which is usually neglected in stellar structure
models), which allows (most of) them to automatically pass
both solar system experiments and gravitational wave
observations so far, while the nontrivial role played by
the connection induces new nonlinearities engendered
by the matter fields [45]. This has important consequences
for the predictions of these theories at several levels,
including the resolution of space-time singularities inside
black holes [46] and in early cosmology [47], the existence
of new observable effects in 4-fermion contact interactions
from quantum fields [48], or the development of new
nontrivial effective interactions [49,50].
Regarding the description of stellar structure, RBGs are
capable to modify the mass-radius relations of neutron
stars, which allows to raise their maximum mass with
realistic equation of state to match observations of neutron
stars above two solar masses [51]; and also alter the
Chandrasekhar’s limit of white dwarfs, which might allow
to address the existence of super-Chandrasekhar white
dwarfs, whose masses are suggested to be up to two times
the standard Chandrasekhar limit [52–55] (see chapter 3 of
[28] for details on these issues). Moreover, the nonrela-
tivistic limits of some RBGs have been recently employed
to work out the minimum main sequence mass of quadratic
fðRÞ gravity [56] and or the minimum deuterium burning
mass for Eddington-inspired Born-Infeld gravity (EiBI,
[39]), where the current modeling of these scenarios and
their compatibility with observations still leaves some room
for modifications of GR, becoming a source of strong
constraints on the parameters of RBGs. Furthermore,
studies related to low-mass stars in Palatini fðRÞ gravity
[40,42] demonstrated that RBGs could also provide an
explanation of the discrepancy between predicted and
dynamical masses of the M dwarfs and pre-main sequence
stars with masses below 0.5 solar masses [57,58].
In this work we shall show that the nonrelativistic limit
of the whole RBG family can be fully characterized in
terms of four parameters associated to the expansion in
powers of the stress-energy tensor of the matter fields, two
of which belong to the shape of the RBG Lagrangian
density, and the other two to the deformation matrix that
relates the Einstein and RBG frame metrics of the corre-
sponding field equations. From the general expression that
we obtain, those of fðRÞ and EiBI gravity are easily
obtained, which provides a consistency check of our
results. We shall finally discuss some prospects for appli-
cations of this nonrelativistic limit of RBGs inside astro-
physical bodies.
II. RICCI-BASED GRAVITY THEORIES
A. Action and field equations







LGðgμν; RμνÞ þ Smðgμν;ψmÞ; ð1Þ
where g is the determinant of the space-time metric gμν, the
Ricci tensor Rμν is built out solely with the affine
connection Γ≡ Γλμν, which is independent of the metric
(Palatini or metric-affine approach), while the gravitational
Lagrangian LG is a scalar function built out of powers of




ffiffiffiffiffiffi−gp Lmðgμν;ψmÞ, it is assumed to be mini-
mally coupled to the metric, with ψm denoting collectively
the matter fields. In this action we have neglected the role of
torsion (the antisymmetric part of the connection), since for
minimally coupled bosonic fields it trivializes [59], and the
antisymmetric part of the Ricci tensor, to safeguard the
theory against potential ghostlike instabilities [60,61].
Defined this way, the RBG family includes some well-
known theories, such as GR itself, fðRÞ gravity, quadratic
gravity, as well as EiBI gravity and many of its exten-
sions [11].
It has been shown elsewhere (see for instance Ref. [11])
that the field equations of the action (1) admit a repre-














where Tμν ¼ − 2ffiffiffiffi−gp ∂Lm∂gμν is the energy-momentum tensor of
the matter fields with T its trace, while GμνðqÞ is the
Einstein tensor associated to a new rank-two tensor qμν
such that the connection Γ is Levi-Civita of it, that is,
∇Γμð ffiffiffiffiffiffi−qp qαβÞ ¼ 0. For any RBG this tensor is related to the
space-time metric gμν via the fundamental relation
qμν ¼ gμαΩαν; ð3Þ
where the deformation matrix Ωαν (whose determinant is
denoted by vertical bars) depends on the particular LG
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chosen, but it can always be expressed on-shell (as so does
LG itself) as a function of the matter fields and (possibly)
the space-time metric too. The representation (2) also
reinforces the fact that the RBG field equations are
second-order and that in vacuum, Tμν ¼ 0, these equations
and their solutions boil down to their GR counterparts.
Therefore, no extra degrees of freedom (beyond the usual
two polarizations of the gravitational field) are propagated
in these theories.
B. The two frames of RBGs and the
mapping equations
The resemblance of the representation (2) with the usual
GR field equations strongly suggests that an Einstein frame
should also be possible, that is [62]
GμνðqÞ ¼ κ2T̃μνðqÞ; ð4Þ
where T̃μνðqÞ would be the energy-momentum tensor of
some new matter Lagrangian density L̃mðqμν; ψ̃mÞ, built of
the same type of fields as the original TμνðgÞ, but with a
different functional dependence. For this representation to
work, one needs to systematically remove all dependencies
on the space-time metric gμν in favor of those of qμν. This
intuitive idea was given explicit support and internal con-
sistence in a series of works by some of us [44,63,64]. The
most general case for the matter sector studied so far
considers an anisotropic fluid (which is suitable for stellar
structure modeling), whose energy-momentum tensor can
be written, in terms of the space-time metric, as
TμνðgÞ ¼ ðρþ p⊥Þuμuν þ p⊥δμν þ ðpr − p⊥Þχμχν; ð5Þ
where ρ is the energy density, and pr and p⊥ the radial and
tangential pressures, respectively, and we have introduced
the unit timelike gμνuμuν ¼ −1 and spacelike gμνχμχν ¼
þ1 vectors, respectively. Note that in a comoving frame
this energy-momentum tensor can simply be expressed
as Tμν ¼ diagð−ρ; pr; p⊥; p⊥Þ.
In the GR frame, the corresponding energy-momentum
tensor reads formally the same
T̃μνðqÞ ¼ ðρ̃þ p̃⊥Þvμvv þ p̃⊥δμν þ ðp̃r − p̃⊥Þξμξv; ð6Þ
with new energy density ρ̃ and radial p̃r and tangential p̃⊥
pressures, and unit timelike qμνvμvν ¼ −1 and spacelike
qμνξμξν ¼ þ1 vectors. Comparing the representations (2)
and (4) of the field equations one finds that the energy













p̃r − p̃⊥ ¼
pr − p⊥
jΩ̂j1=2 ; ð9Þ
which shall be called hereafter the mapping equations
between the two frames. Given that the determinant of the
deformation matrix, jΩ̂j≡ jΩ̂jðTμν; gμνÞ, is a function of ρ,
pr, and p⊥, these equations establish a correspondence
between GR coupled to some anisotropic fluid (tilded
variables) and a given RBG coupled to another anisotropic
fluid (untilded variables). Moreover, this correspondence
can be used to obtain solutions of the latter starting from a
seed solution of the former using purely algebraic trans-
formations, as explicitly verified in Refs. [63,64] with
concrete examples. Besides their obvious interest for the
sake of finding analytic solutions of physical interest of
modified gravity [65], the mapping equations also allow us
to carry out formal manipulations to handle specific
systems, as the one of (the newtonian limit of) stellar
structure considered in this work.
III. PARAMETERIZED NONRELATIVISTIC
LIMIT OF RBGS
For the analysis of nonrelativistic stars (and relativistic
stars alike) one typically neglects anisotropies, whose
estimated effects in realistic scenarios are (assumed to
be) smaller than other degeneracies/unknowns (see how-
ever [66]). Thus we can set p⊥ ¼pr ¼p and p̃⊥ ¼ p̃r ¼ p̃
to obtain a perfect fluid on both frames:
Tμν ¼ ðρþ pÞuμuν þ pδμν ð10Þ
T̃μν ¼ ðρ̃þ p̃Þvμvv þ p̃δμν ; ð11Þ









ρ̃þ p̃ ¼ ρþ pjΩj1=2 : ð13Þ
In order to proceed further, we must find a representation
of the deformation matrix Ωμν. Since this quantity is a
nonlinear function of the energy-momentum tensor, it can
be formally written as






where the ðTðn;inÞÞμν represent tensor structures that can be
built with n powers of the energy-momentum tensor [50].
The zeroth order term δμν simply indicates that in the low-
energy limit one recovers the GR dynamics. This form of
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the matrix Ωμν is the most reasonable scenario compatible
with Lorentz covariance, and other possibilities are seem-
ingly pathological [67]. Given the simplicity of (12) and
(13), it is easy to see that these infinite sums must boil
down to
Ωμν ¼ Aδμν þ Buμuν; ð15Þ
using the RBG frame variables, with A and B being some
functions of ρ and p, or to
Ωμν ¼ Ãδμν þ B̃vμvν ð16Þ
if we employ the GR frame variables instead, with Ã and B̃
some functions of ρ̃ and p̃. Focusing on the zeroth and first
order contributions, which will be the dominant terms in a
perturbative expansion, we get
Ωμν ≈ δ
μ
ν þ αTδμν þ βTμν
¼ ð1þ αð3p − ρÞ þ βpÞδμν þ βðρþ pÞuμuν; ð17Þ
where we have made use of the equality T ¼ −ρþ 3p and
suitably rearranged terms. One should note that the coef-
ficients α and β must have dimensions of inverse density,
such that we could write them as α ¼ α̃=ρ0 and β ¼ β̃=ρ0,
with ρ0 some density scale. According to the analysis of
[50], this scale could be as high as ρ0 ∼ 1025 g=cm3, which
is well above the density of nuclear matter, ∼1014 g=cm3,
and of the interior of any known star. Since this bound has
been derived in a very particular context involving light-by-
light scattering experiments in particle accelerators, for our
phenomenological purposeswewill simply assume thatρ0 is
large enough so that the correcting terms associated to it can
be considered as small perturbations, making unnecessary
the consideration of higher-order terms in the perturbative
expansion.
In the nonrelativistic limit, p ≪ ρ, the components of the
matrix (17) read explicitly as (i ¼ 1, 2, 3)
Ωtt ¼ 1 − ðαþ βÞρ; Ωii ¼ 1 − αρ; ð18Þ
and hereafter we shall refer to this limit and neglect
contributions in p (unless explicitly stated) as compared
to those in ρ (at the same order). Since this matrix is
diagonal, the computation of the determinant jΩ̂j is
straightforward:






Let us point out that similar expressions for Ωμν and its
determinant can be written in the GR frame (tilted varia-
bles) just by adding tildes to all the constants and functions.
Then the mapping equations (12) and (13) will provide the
correspondence between the functions in both representa-
tions. Using one of them or the other is thus just a matter of
convenience for each specific computation, though at the
end of the day the physical result has to be written in terms
of the physical variables (that is, the untilded ones).
Now we need to find a similar expansion for the
gravitational Lagrangian LG. Since it is a scalar quantity,
in general, it can be expanded as an infinite series of traces
of the objects ðTðn;inÞÞμν. Likewise for Ωμν, retaining terms




ðκ2T þ γTμαTαμ þ δT2Þ; ð20Þ
where we have inserted a factor κ2 in the first term to
identify it as the GR relation between the curvature scalar
and the trace of the energy-momentum tensor. The other
two terms yield the RBG corrections at quadratic order in
the energy-momentum tensor and its trace, where we stress
that for dimensional consistency the parameters ðγ; δÞ must
have implicit κ4 factors. For the perfect fluid energy-









where for the moment we have kept the term linear in p but
neglected one in ρ · p and another in p2, as they are
assumed to be smaller than the one quadratic in ρ.
Having under control the main objects on the right-
hand-side of the mapping equations (12) and (13), the
next step in our analysis is to cast the field equations for
stellar structure (the TOV equations). From the GR repre-
sentation (4), such equations are found from the conserva-
tion of the energy-momentum tensor (as follows from the
fulfillment of Bianchi’s identities in (4), ∇μT̃μνðqÞ ¼ 0,
which, for a static, spherically symmetric metric, ds2q ¼
qttdt2 þ qxxdx2 þ x2dΩ2, yields




Furthermore, by assuming this line element to take the form




and introducing the standard mass ansatz CðxÞ ¼
1–2MðxÞ=x, then the functions fψðxÞ;MðxÞg can be
determined by resolution of the RBG field equations (4).
2We are neglecting here the zeroth-order term, which would
correspond to a cosmological constant that does not contribute
significantly to stellar quantities.
OLMO, RUBIERA-GARCIA, and WOJNAR PHYS. REV. D 104, 024045 (2021)
024045-4
Such a resolution parallels the analog problem in GR, and









which is nothing but the TOV equations in the GR frame,





Note that the nonrelativistic limit of Eq. (24) does not allow
us to directly take p̃ away, since it contains terms in ρ2
when moving to the GR frame via the mapping equa-
tions (12) and (13), which is our next goal. To this end,
upon suitable combinations of these mapping equations,
together with Eq. (19), we find in this case the following






















On the other hand, we need to incorporate in this analysis
the explicit transformation between the radial coordinates
in the GR and RBG frames via the fundamental relation (3).
Thus, assuming also a static, spherically symmetric line
element for the space-time geometry gμν with a new radial
coordinate r, using (18) one finds that, in the nonrelativistic
approximations employed so far, Eq. (3) yields the result
x2 ¼ r2ð1 − αρÞ; ð28Þ
neglecting again both ρ2 and ρ · P terms in this
approximation.
We are now ready to express (24) in terms of the physical
variables. We start with the mass function (25). Using (26)
and (28) one finds that the mass function can be inte-
grated as
MðrÞ ≈M0ðrÞ þ ηðrÞ; ð29Þ







which is nothing but the GR contribution to the mass, while


















in which we have neglected again cubic terms in ρ in the
integrand. Now, from Eq. (24), using the expression for the
mass function (29) alongside the mapping equations





























Finally we need to work out the expression on the left-hand
side of this equations in terms of the physical variables
using again the relation between coordinates in both
frames, Eq. (28). After suitably rearranging terms, we





























This equation fully parameterizes the nonrelativistic limit
of the RBG family in terms of the coefficients ðγ; δÞ,
associated to the expansion of the RBG Lagrangian, LG,
and the coefficients ðα; βÞ, associated to the expansion of
the deformation matrix, Ωμν. In GR, α ¼ β ¼ γ ¼ δ ¼ 0






from which the well known Lane-Emden equation is
derived assuming a polytropic fluid and on top of which
studies of nonrelativistic stars are typically carried out.
The bottom line of this result is that all RBGs, no matter
the explicit functional dependencies of their Lagrangian
densities, have the same qualitative behavior in what
concerns their nonrelativistic limit of stellar structure.
This means that, once a particular RBG model is given,
a simple expansion of its Lagrangian density in (20) and of
the deformation matrix in (17) allows us to find the
parameters associated to the nonrelativistic regime and,
therefore, starting from it different aspects of the physics of
nonrelativistic stars can be immediately implemented. To
this end, one needs to estimate the relative strength of each
term contributing to this equation for any kind of such star.
Therefore, we first keep in this expression only those terms
linear and quadratic in the energy density and linear in the
pressure, so we get




















For a nonrelativistic star typically the pressure is modeled
by using a polytropic equation of state [27]
p ¼ KρΓ; ð36Þ
where the polytropic constant K and index Γ ¼ 1þ 1=n
with n > 1 are capable to characterize different types of
nonrelativistic stars.3 Therefore, the term in p can be
typically neglected as compared to those in ρ, and in the
nonrelativistic limit the approximations p ≪ ρ; r3p ≪ M;
2M0=r ≪ 1 hold. Therefore, we shall use formula (35) with
the constraint above for the discussion on specific examples
of RBGs.
A. Quadratic f ðRÞ gravity
The simplest example of an RBG is given by fðRÞ
theories. Let us consider the well-known quadratic





where μ is a parameter with dimensions of length squared.
For this theory, in the metric-affine formalism it turns out
that R ¼ −κ2T via the corresponding field equations
(whose trace implies that RfR − 2f ¼ κ2T), which is the
same result as in GR. This allows us to write this
Lagrangian in terms of energy density and pressure (in










On the other hand, the deformation matrix in this case reads
Ωμν ¼ fRδμν , where fR ≡ df=dR, which entails a con-
formal relation between the space-time and auxiliary
metrics. From Eqs. (26) and (27), one is equipped with
the following relations between energy density and pres-
sure in the GR and RBG frames
ρ̃ ¼ ρ − μκ
2=4ρ2




p̃ ¼ pþ μκ
2=4ρ2




which agrees with the results of [69]. With these expres-
sions at hand, and from Eqs. (18) and (20), it is a simple
exercise to see that the parameters α ¼ −2μκ2; β ¼ 0;
γ ¼ −μκ4; δ ¼ 0 and thus Eq. (35), neglecting the contri-










which is the expression for the nonrelativistic limit of
quadratic fðRÞ gravity with the assumptions above.
B. Eddington-inspired Born-Infeld gravity
Another well known example of a RBG employed in the













where ϵ is EiBI parameter with dimensions of length
squared, and the theory enjoys an effective cosmological
constant Λeff ¼ λ−1ϵ . The astrophysical and cosmological
phenomenology for this theory and its many extensions
was thoroughly discussed in [11]. The Lagrangian density





while the deformation matrix in this case is implicitly given
by the algebraic equation
jΩ̂j1=2ðΩμνÞ−1 ¼ λδμν − ϵκ2Tμν: ð44Þ
In order to solve it, one inserts the expression of the perfect
fluid (10) and upon resolution and comparison with (18)
one finds (for asymptotically flat configurations, λ ¼ 1) the
parameters ðγ þ δÞ ¼ ϵκ2=4 while from Eq. (43) one gets
that α ¼ −ϵκ2=2; β ¼ ϵκ2. Therefore, upon substitution in











and then by imposing that r ≫ 2M0 the last term can be
neglected and one ends up with the expression reported
in Ref. [71].
IV. CONCLUSION AND DISCUSSION
The physics of nonrelativistic stars, though compara-
tively much less explored than their relativistic counterparts
3For equations of state p ¼ ðϒ − 1Þρ with 0 < ϒ < 1 the
pressure term is of order below than the one in ρ. However, such
equations of interest are not of interest for the physics of these
stars and can therefore be neglected in our analysis.
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(neutron stars), nonetheless offers a viable opportunity to
test the predictions and consistency of modified gravity
theories with astrophysical observations. It is so because of
less severe unknowns on nongravitational aspects of these
stars, since those can be well modeled from a phenom-
enological perspective via observations. Though fully
reliable predictions can only be obtained after incorporating
all the physics known to play a relevant role in these objects
and require the use of numerical simulations, simple
analytical models offer reasonable approximations to
some of the most relevant global aspects of the physics
of nonrelativistic stars.
The above scenario is particularly relevant for those
modified theories of gravity yielding modifications of the
gravitational field inside astrophysical sources while leav-
ing the vacuum dynamics unaffected (so as to pass solar
system experiments). This is a property naturally hold by
the family of Ricci-based gravities considered in this work,
without any need of implementing screening/chameleon
mechanisms [38]. Elaborating from the field equations of
these theories framed in a representation in terms of an
auxiliary metric (its Einstein frame), we have used a
recently found mapping between these equations and those
of GR, by which both theories are coupled to the same kind
of fields but with different functional dependencies on their
Lagrangian densities, the explicit form of which is obtained
once a specific RBG theory is given. Here we have shown
that this mapping allows formal manipulations of the
corresponding field equations simplifying the process to
obtain the corresponding nonrelativistic limit of the stellar
structure equations, somewhat paralleling the well-known
duality of the Einstein/Jordan frames of the metric fðRÞ
case. Via this process, the main result of the present work is
to show that all RBGs enjoy the same nonrelativistic
equation, parameterized in terms of four constants asso-
ciated to the expansion in powers of the energy-momentum
of the matter fields of the gravitational Lagrangian and of
the deformation matrix realizing the transformation
between the space-time and auxiliary metrics.
Many recent works in the field have shown the viability
of the nonrelativistic stellar limit of modified theories of
gravity to obtain specific predictions of these theories that
can be accessible via astronomical observations. Prominent
among them are the limiting masses between different
kinds of dwarf and main-sequence stars [31–42,56]. These
limits depend not only on the combination of astrophysical
and nuclear physics modeling, but also on the underlying
nonrelativistic equation employed, where modifications to
the latter may slightly alter such limits and therefore yield
new predictions and/or allow us to place constraints on the
parameters of specific modified gravity theories. On the
other hand, some recent challenges to these limiting masses
within GR such as the existence of super-Chandrasekhar
white dwarfs could be explained via modified nonrelativ-
istic equations beyond GR [72]. The RBG family of
theories and its nonrelativistic limit introduced here there-
fore offer a suitable playground to keep exploring the
predictions of theories when supplemented with suitable
equations of state and incorporating the additional physical
elements needed to reliably model dwarf and main-
sequence stars. This would allow us to place more stringent
constraints on the astrophysical viability of these theories
as compared to GR.
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